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Abstract—A novel mathematical framework is proposed to
model Intersymbol Interference (ISI) phenomenon in wireless
communication systems based on Orthogonal Frequency Divi-
sion Multiplexing (OFDM) with or without cyclic prefix. The
framework is based on a new formula to calculate the Fast
Fourier Transform (FFT) of a triangular Toeplitz matrix, which
is derived and proven in this paper. It is shown that distortion
inducted by the ISI from a given subcarrier is the most significant
for the closest subcarriers and the contribution decays as the
distance between subcarriers grows. According to numerical
experiments, knowledge of ISI coefficients concentrated around
the diagonal of Channel Frequency Response (CFR) matrix
improves the receiver’s error floor significantly. The potential
use of the framework for real-time frequency domain channel
simulation was also investigated and demonstrated to be more
efficient than conventional time domain Tapped Delay Line (TDL)
model when a number of simulated users is high.
Index Terms—OFDM, Multipath channels, Intersymbol Inter-
ference, Interblock Interference, Simulation, Toeplitz matrix.
I. INTRODUCTION
Intersymbol Interference (ISI) in OFDM-based wireless
communication systems occurs when duration of a cyclic
prefix is not long enough to compensate an influence of
multipath channel. The cyclic prefix is added at the beginning
of each transmitted data block to minimize the effects of ISI
from the previous OFDM symbol and to allow representation
of a linear convolution of transmit signal with Channel Impulse
Response (CIR) as a circular convolution during frequency
domain equalization. Cyclic prefix is detached at the receiver,
but its duration may be insufficient to fully mitigate the effect
of ISI introduced by multipath channel with very long delay
spread. Because cyclic prefix is redundant and does not carry
any useful information, it limits the overall capacity of the
system.
One of the methods to reduce the distortion produced by
insufficient cyclic prefix is interference estimation using pilot
symbols and equalization at the receiver. In [1] and [2],
channel equalizers based on MMSE criterion were proposed.
Equalization based on iterative cancellation was studied in
[3], whereas [4] dealt with a multistep estimation for MIMO
systems. Another approach to reduce the negative impact of
ISI is precoding performed at the transmitter. A method based
on channel independent precoding with interference alignment
was proposed in [5]. In [6], transmit precoding was applied
to reduce the RMS delay spread of the channel. Moreover,
characterization and mitigation of ISI with either precoding or
equalization is also an important aspect of baseband Discrete
Multitone (DMT) systems [7].
In this paper, a new framework to characterize ISI in OFDM
systems is proposed. The framework originates from a com-
monly accepted matrix-based model of channel convolution
[1], [2], [5], but it makes one step forward to outline structure
and behavior of the interference in frequency domain. In
comparison to the framework proposed by Wu [8], a smoother
approach is presented that directly describes ISI in term of
dependence between OFDM subcarriers, cyclic prefix length
and CIR.
Beyond potential application to the interference cancella-
tion, estimation and equalization, the authors see a possibility
to utilize the proposed framework in the area of frequency
domain channel modeling: using it together with the Fast
Fourier Transform of triangular Toeplitz matrix derived in the
appendix. The existing frequency domain wideband channel
models do not have a possibility to incorporate the effects
of ISI [9], [10]. However, it is highly desired to provide
such functionality in order to extend capability of existing
simulators to cover high delay spread scenarios.
II. TIME DOMAIN MODEL
Multipath time- and frequency-selective fading channel ap-
plied to digital baseband signal x(n) can be implemented as
a non-recursive filter with time variant impulse response:
y(n) =
∞∑
m=−∞
h(n,m)x(n−m) + w(n) (1)
where w ∼ CN (0, σ2) is a zero-mean circularly symmetric
complex Gaussian noise with variance σ2 and h(n,m) is given
by:
h(n,m) =
L−1∑
l=0
cl(n)δ(m− dl) (2)
Scalars dl are excess delays of dominant channel taps
l = 0, . . . , L − 1 and function δ(.) is the Kronecker delta.
Time-varying coefficients cl(n) are Rayleigh distribution and
modeled as complex Gaussian random processes, correlated in
time and statistically independent across different paths. The
temporal autocorrelation function is given by:
E{cl(n) · cl(n+ p)∗} = al · J0(2pipfDTs) (3)
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where J0 is the zero-order Bessel function of the first kind, al
is an average path gain, fD is a maximum Doppler frequency
and Ts is a sampling interval.
Because the data are transmitted in time blocks, not contin-
uously, (1) can be rewritten to equivalent block-based equation
to express transmission of u-th OFDM symbol. Vectors xu and
yu denote data of x(n) and y(n) in u-th symbol before/after
cyclic prefix removal/insertion. Moreover, denote N a FFT
size of considered OFDM system, v a length of a cyclic
prefix, τ = max(dl) a delay spread span of the channel and
vis = τ − v a length of ISI term exceeding the cyclic prefix.
The CIR matrix H of size N × N with sufficient cyclic
prefix, i.e. v ≥ τ , is given by:
H =

h(0,0) 0 ··· h(0,τ) ··· h(0,1)
...
. . . 0 ··· . . .
...
h(τ,τ) ··· h(τ,0) 0 ··· 0
...
. . .
. . .
. . .
. . .
...
0 · · · 0 h(N−1,τ) · · · h(N−1,0)
 (4)
ISI components of the channel are denoted by matrices A
and B of size N × N to represent the overlap of marginal
elements in upper triangular part of H [5]. A sub-matrix S of
size vis × vis corresponds to a part of CIR exceeding cyclic
prefix duration. Matrices A, B, and S can be given as:
A =
[
0vis×(N−τ) S 0vis×v
0(N−vis)×(N−τ) 0(N−vis)×vis 0(N−vis)×v
]
(5)
B =
[
0vis×(N−vis) S
0(N−vis)×(N−vis) 0(N−vis)×vis
]
(6)
S =

h(0,τ) h(0,τ−1) ··· h(0,v+1)
0 h(1,τ) ··· h(1,v+2)
...
...
. . .
...
0 0 ··· h(vis−1,v+vis)
 (7)
where 0m×n denotes a null matrix of size m× n.
Data vector for symbol u received after passing the mul-
tipath fading SISO channel under insufficient cyclic prefix
conditions, i.e. v < τ , is given by:
yu = (H −A)xu +Bxu−1 +wu (8)
When no ISI occurs, i.e. v ≥ τ , A and B are null matrices,
(8) simplifies to a case covered in [9]:
yu = Hxu +wu (9)
We propose to further rearrange (8) in order to sepa-
rate Intercarrier and Intersymbol Interference terms. Define
a circular-shift permutation matrix of size N ×N :
P =

0 0 ··· 0 1
1 0 ··· 0 0
0 1
. . . 0 0
...
. . .
. . .
. . .
...
0 ··· 0 1 0
 (10)
The matrices A and B are similar except for the circular
shift of their columns, then A = BP v and:
yu = Hxu +B(xu−1 − P vxu) +wu (11)
where P v denotes matrix power operation. Therefore, multi-
plication P vxu in (11) yields a circular-shift of elements in
vector xu by v samples, i.e. the length of cyclic prefix.
Additionally, CIR matrix H may be further decomposed
into a sum of a circulant matrix H¯ representing a time-
invariant (time-averaged) part and an ICI matrix ∆H rep-
resenting time-variability of the channel during single OFDM
frame. Applying analogous operations to matrix B yields:
H = H¯ + ∆H (12)
B = B¯ + ∆B (13)
where matrix B¯ has zero-padded upper-triangular Toeplitz
structure.
III. ANALYSIS OF ISI DISTORTION IN FREQUENCY
DOMAIN
Let F be a normalized N×N Fourier matrix with elements
given by [F ]n,m = 1√N e
−j2pinm/N , su = Fxu a subcarrier
mapped transmit (sent) data vector, ru = Fyu a received
data vector in frequency domain and ηu = Fwu a frequency
domain noise. Moreover, denote a Channel Frequency Re-
sponse (CFR) matrix as G = FHF † and an interference CFR
matrix as Φ = FBF †, where superscript † denotes Hermitian
transpose. Using the time shift property of Fourier Transform,
the DFT of circular-shift permutation matrix P v is given by:
W = FP vF † = diag
([
1, e−j2piv
1
N , · · · , e−j2pivN−1N
])
(14)
Applying Fourier Transform to both sides of (11) yields:
ru = Gsu + Φ(su−1 −Wsu) + ηu (15)
For the sake of the presented research, we assume that
channel conditions change in time in a block fashion the
way that CIR is constant during a given OFDM symbol, but
it differs between consecutive symbols. It is a commonly
accepted assumption in most practical scenarios [11]. This
implies that ICI parts in (12) and (13) are equal zeros, i.e.
∆H = 0 and ∆B = 0. Therefore, matrix H = H¯ is
circulant, so G = G¯ is diagonal and contains eigenvalues
of H . Matrix Φ is a DFT of upper-triangular Toeplitz matrix.
In [12], Huckle has derived a formula to compute DFT of
Hermitian Toeplitz matrices. Using analogous reasoning, we
may reformulate the equations for the upper-triangular Toeplitz
matrix Φ. Denote vector ρ = [0, . . . , 0, h(0, τ), h(0, τ −
1), . . . , h(0, v + 1)]T as the first row of matrix B and ξ
as its DFT computed with reversed phase rotation, which is
equivalent to IDFT operation:
ξ = F †ρ (16)
Then, the off-diagonal elements of matrix Φ can be calculated
as:
[Φ]n,m =
1√
N
1
1− wn−m ([ξ]m − [ξ]n) (17)
for n 6= m, where w = e−j2pi/N is a N -th root of unity and
n,m = 0, . . . , N − 1 and [ξ]n denotes the n-th element of
vector ξ.
The diagonal part of Φ is given by eigenvalues of an
optimal circulant preconditioner for matrix B [13]. It may
be calculated as an IDFT of Hadamard product, denoted by
◦, between vector ρ and a single period of reversed sawtooth
function:
diag(Φ) =
1√
N
F †([N,N − 1, . . . , 1]T ◦ ρ) (18)
Proof of (17) and (18) can be found in the Appendix.
Matrix Φ without its diagonal, given by (17), may be ex-
pressed as a Hadamard product between an envelope matrixE,
dependent only on the DFT size N and invariant in time, and
a matrix Γ that depends on temporal channel conditions and
a Power Delay Profile, which may differ between consecutive
symbols. Therefore:
[E]n,m =
{
1
1−wn−m for n 6= m
0 for n = m
(19)
[Γ]n,m = [ξ]m − [ξ]n (20)
Φ =
1√
N
(
E ◦Γ+ diag(F †([N,N −1, . . . , 1]T ◦ρ))) (21)
Note the following identity for any z ∈ R:
1
1− ejz =
1
2
(
1 + j cot
z
2
)
(22)
Matrix E is Hermitian-symmetric and Γ is skew-symmetric,
thus the energy of elements in both matrices and the result
of their Hadamard product Φ is distributed symmetrically.
We are interested in finding expected energies of elements
in matrix Φ with respect to distance from its diagonal and its
relation to undistorted subcarrier, namely, the relation between
E{‖[G]n,n[su]n‖2} and E{‖[Φ]n,m[su]m‖2}.
Assume that transmit modulation data has uniform power
E{‖[su]n‖2} = 1. Then, the average power of undistorted
subcarrier n is given by:
E{‖[G]n,n[su]n‖2} = E{‖[G]n,n‖2}
=
1
N
N−1∑
m=0
(‖h(n,m)‖)2 (23)
Similarly, we derive a formula for the maximum power of
ISI distortion generated by the m-th and affecting the n-th
subcarrier, either from previous or current OFDM symbol.
From (19), [E]n,m is constant for given n and m. Then,
according to (21), for n 6= m we got:
E{‖[Φ]n,m[su]m‖2} = E{‖[Φ]n,m‖2}
=
1
N
‖[E]n,m‖2 E{‖[Γ]n,m‖2}
(24)
In order to evaluate (24), we expand ξ in (20) to be
expressed by elements of vector ρ:
[Γ]n,m =
N−1∑
k=0
[ρ]ke
j2pimk/N −
N−1∑
k=0
[ρ]ke
j2pink/N
=
N−1∑
k=0
[ρ]ke
j2pink/N
(
1− ej2pi(m−n)k/N
) (25)
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Fig. 1. Power of interference matrix Φ relative to power of non-distorted
subcarrier for various FFT sizes N and COST259 HT profile.
Moreover, the following trigonometric identity holds:∥∥1− ejz∥∥ = ∣∣2 sin z
2
∣∣ (26)
Using (25) and (26), power of elements in matrix Γ may
be derived:
E{‖[Γ]n,m‖2} = 4
N
N−1∑
k=0
(
‖[ρ]k‖ ·
∣∣∣ sin pi(m− n)k
N
∣∣∣)2 (27)
Finally, incorporating (22) and (27) into (24) yields:
E{‖[Φ]n,m‖2} =
=
(
cot pi(m−n)N
)2
+ 1
N
N−1∑
k=0
(
‖[ρ]k‖ ·
∣∣∣ sin pi(m− n)k
N
∣∣∣)2
(28)
Equation (28) determines how significant is contribution of
neighboring subcarriers to interference caused by insufficient
cyclic prefix. The power of interference depends on FFT size,
cyclic prefix, distance between subcarriers and a Power Delay
Profile of the channel. When a duration of the longest mul-
tipath tap spreaded beyond the cyclic prefix is much smaller
the the FFT size, which is always true in practical OFDM
realizations, the average distortion power tends to decrease
as the distance between subcarriers grows. As illustrated in
Fig. 1, the power of ISI is non-negligible only for the closest
neighboring subcarriers, similarly as it was proven in case of
Intercarrier Interference (ICI) inducted by high mobility [14].
The results consider COST259 Hilly Terrain (HT) multipath
profile, which is a commonly accepted model to represent
environments with very high delay spreads [15].
IV. NUMERICAL EXPERIMENTS
The major consequence of (28) is possibility to estimate or
model the significant part of ISI in OFDM considering only
the subcarriers concentrated in the neighborhood of the target
subcarrier, analogously as in case of ICI [14].
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Fig. 2. Accuracy of ISI modeling with reduced interference CFR matrix Φ˜
relative to non-reduced approach. The results are averaged over 104 symbols
of 5 MHz LTE (N = 512) and COST259 HT profile.
We define a transformation of interference CFR matrix Φ to
Φ˜ that ignores the subcarriers with negligible energy outside
the diagonal band b, which results in a sparse structure:
[Φ˜]n,m =
{
[Φ]n,m |n−m| ≤ b or |n−m| ≥ N − b+ 1
0 otherwise
(29)
A. Accuracy of ISI modeling with reduced CFR matrix
For the purpose of simulation, an OFDM transmitter based
on the 3GPP Long Term Evolution (LTE) standard with normal
cyclic prefix and a full bandwidth coverage is considered [16].
The randomly generated stream of 16-QAM IQ symbols is
OFDM modulated and passed in parallel through multipath
fading channel models with both reduced Φ˜ and complete Φ
CFR, according to (29). Then, the resulting data is OFDM
demodulated and compared in term of Signal-to-Error Ratio
(SER) defined accordingly:
SER = 20 · log10
‖r˜‖
‖r˜ − r‖ (30)
where r˜ and r are the responses of the channel with re-
duced and complete CFR, respectively. The simulation exploits
COST259 HT multipath profile with 5 Hz maximum Doppler
frequency. The results shown in Fig. 2 indicate that using even
small values of b is sufficient to increase accuracy above 12
dB comparing to naive block-fading model with Φ = 0.
B. Normality test of residual ISI
Reduction of CFR interference matrix according to (29) re-
sults in residual pseudo-noise signal produced by the elements
of CFR matrix Φ−Φ˜. A Monte-Carlo simulation was accom-
plished to measure a goodness of fit to normal distribution of
the residual signal using Jarque-Bera (JB) test statistics [17].
The test sample is calculated as
∑N−1
k=0 [Φ−Φ˜]m,k[s]k, where
the elements of vector s are randomly chosen from 16-QAM
alphabet for each sample. Calculated p-values are averaged
over multiple realizations of a channel with HT multipath
profile. The results are shown in Table I. Values below 0.05
reject the null-hypothesis that test sample may come from
normal distribution, whereas higher values indicate a better
TABLE I
OBTAINED p-VALUES FROM JB NORMALITY TEST STATISTICS. VALUES
COMPUTED WITH SAMPLE SIZE OF 105 AND 103 CHANNEL REALIZATIONS.
PPPPPPb
N 128 256 512 1024
0 0.000313 0.000105 0.053446 0.030402
4 0.106961 0.049981 0.208508 0.093885
8 0.321353 0.103199 0.258352 0.140079
16 0.319279 0.376248 0.357483 0.319884
32 0.107915 0.534479 0.402031 0.402015
64 0.000000 0.515057 0.571853 0.487761
128 - 0.000000 0.427937 0.378077
256 - - 0.000000 0.316982
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Fig. 3. Complexity of frequency domain ISI simulation comparing to time
domain Tapped Delay Line approach expressed in number of MAC operations.
Generated for 5 MHz LTE (N = 512), b = 16 and COST259 HT profile.
match. The results draw a conclusion that distribution of the
residual signal is closest to Gaussian for b values between
N/16 and N/8. The interval is a trade off between the Central
Limit Theorem and a presence of terms with dominant energy.
C. Application to channel modeling - Complexity
One application of the reported research is an area of
multi-user frequency domain channel simulation. To evaluate
the performance, we will use the same methodology for
complexity metrics as used in [10]. Two cases are compared
against the time domain TDL model. The first one assumes
that the coherence time of the channel is much longer than
the OFDM symbol duration and the same CFR matrix Φ˜
is used across many symbols. The second one assumes that
Φ˜ must be recalculated for every symbol. Numerical results
were obtained by counting required complex Multiply and
Accumulate (MAC) operations. Fig. 3 shows that for small
values of b, frequency domain modeling gains advantage when
the bandwidth is shared between multiple users.
V. CONCLUSION
The new framework presented in this paper describes the re-
lation between OFDM subcarriers in frequency domain under
ISI distortion. It was shown that the strongest ISI contribution
to a given subcarrier comes from the neighboring subcarriers
and it decays as the distance between subcarriers grows,
similarly as in case of ICI. Due to this fact, frequency-domain
receiver or transmit precoder may focus on compensation of
the banded diagonal part of the CFR ISI matrix Φ to provide
significant ISI distortion reduction. Numerical experiment has
shown that the residual ISI for a given subcarrier, resulting
from matrix Φ reduction to a banded one, has a distribution
close to the normal for moderate-low band sizes. As a conse-
quence, the residual ISI may be treated as additional Gaussian
noise, correlated between neighboring subcarriers.
A possible framework application to frequency domain
wideband channel simulation was also investigated. Simulation
time using the model presented in the paper is shorter than the
time domain TDL model when a number of simulated users is
high and reduction of CFR matrix is used. This fact justifies
utilization of the model in the area of multi-user channel
emulation.
APPENDIX
PROOF OF EQUATIONS (17) AND (18)
The purpose of this appendix is to derive a general formula
for fast DFT of upper-triangular Toeplitz matrix B. However,
a reader should keep in mind that the specific application
presented in this paper considers a sparse zero-padded upper-
triangular Toeplitz structure.
Start from a standard DFT matrix equation:
Φ = FBF † (31)
Multiplying the matrices on the left-hand side yields:
[FB]n,m =
1√
N
m∑
k=0
[ρ]k w
(m−k)n (32)
where w = e−j2pi/N and vector ρ is the first row of Toeplitz
matrix B. Then, the elements of matrix Φ are given by:
[Φ]n,m =
1
N
N−1∑
l=0
( m∑
k=0
[ρ]k w
(m−k)n
)
w−ml (33)
By unwrapping the sums in (33) and grouping with respect
to elements of ρ we got:
[Φ]n,m =
1
N
N−1∑
k=0
[ρ]k
(N−1∑
l=k
w(l−k)n−lm
)
=
1
N
N−1∑
k=0
[ρ]kw
−km
(N−k−1∑
l=0
wl(n−m)
) (34)
Consider (34) in two cases:
a) n = m: The exponents in the inside sum are equal 0
for all k, thus:
[Φ]n,n =
1
N
N−1∑
k=0
(N − k) [ρ]kw−kn (35)
which is equivalent to (18).
b) n 6= m: Expand the inside sum using the formula for
the finite sum of geometric series:
[Φ]n,m =
1
N
N−1∑
k=0
[ρ]kw
−km 1− w(n−m)(M−k)
1− wn−m
=
1
N
1
1− wn−m
(N−1∑
k=0
[ρ]kw
−km −
N−1∑
k=0
[ρ]kw
−kn
)
=
1√
N
1
1− wn−m ([ξ]m − [ξ]n)
(36)
what demonstrates (17). 
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